We construct, for each irrational number , an orientation preserving minimal C 1 -di eomorphisms of the circle with rotation number which is not ergodic with respect to the Lebesgue measure.
Introduction
The systematic study of the dynamics of homeomorphisms of the circle T 1 = R=Z started with Poincar e by the end of last century with the de nition of the rotation number 6]. Half a century later, in his work of 1932 1], A. Denjoy posed the problem of the ergodicity with respect to Lebesgue measure of a homeomorphism f of the circle or, as he called it, "transitivit e forte de Birkho ". f is ergodic with respect to the Lebesgue measure, or m-ergodic, if it has no invariant Borel set with Lebesgue measure strictly between zero and one. Denjoy's theorem states that a C 1 -di eomorphism f with bounded variation derivative Df is m-ergodic. On the other hand, Denjoy constructed examples of C 1 -di eomorphism (in any rotation class) with invariant Cantor sets of positive measure. These examples, having wandering intervals, are not minimal.
In this paper we complement Denjoy's classical result by constructing, for each irrational number 2 (0; 1), an orientation preserving C 1 -di eomorphism f of the circle which is minimal i.e. has every orbit dense, but is non-ergodic with respect to the Lebesgue measure. Good, recent, references for those classical results are de Mello & Van Strien 5] and Katok & Hasselblatt 3] . Sinai et. alia 7] also has a chapter on the subject but the best single reference on circle di eomorphisms, for its clarity and conciseness, is still M. Herman's 1979 thesis 2].
If (f), the rotation number of f, is and f is minimal then f is conjugated to the rotation R : x 2 T 1 7 ?! x + 2 T 1 This means that there is an orientation preserving homeomorphism h : commutes or, h R = f h.
To construct f, we carefully construct an homeomorphism h such that the map appearing at the bottom of the above diagram is a C 1 -di eomorphism with the required properties. To construct h we de ne it rstly as an order preserving map on O, the non-negative orbit of 0 = 1 under R , in such a way that h (O) is dense in T 1 . Then, it is easy to prove, h extends to T 1 as an homeomorphism and uniquely de nes f. To de ne h on O we need to understand the relationship between the two orders on O viz. the dynamically de ned "R n (0) precedes R m (0) " ( i n < m ) order and the topological, "R n (0) and R m (0) separates R k (0) from R l (0) "( i R k (0) and R l (0) are in di erent connected components of T 1 ? fR n (0) ; R m (0)g) order on T 1 . This relationship is encoded in the continued fraction formalism and there lies its interest for Dynamical Systems. We recall this classical formalism for the convenience of the reader in Section 2. In Section 3 we de ne and study pl towers and sketch the proof of our main result:
Theorem 1 Given an irrational number, , 0 < < 1 , there is a minimal orientation preserving C 1 -di eomorphism, f : T 1 ?! T 1 which is not ergodic with respect to Lebesgue measure and such that (f) = .
In Section 4 we prove this theorem but for a lemma, the core of the paper, whose proof is deferred to the nal section. The approximants to are the rationals given by p n q n = 1 a 1 + 1 ::: + 1 a n , for n = 1; 2; 3; :::
They can be inductively de ned from the partial quotients as p 0 = 0 and p 1 = 1 p n = a n p n?1 + p n?2 , for n = 2; 3; :::: and q 0 = 1 and q 1 = a 1 q n = a n q n?1 + q n?2 , for n = 2; 3; ::::
Observe that the recurrence formula de ning the p n 's is the same as for the q n 's. It's their initial conditions that are di erent.
To understand how the continued fraction encodes the relation between those two orders we must understand how the intervals with extreme points in a nite initial segment of the orbit O partition T 1 and how this partition behaves under the action of R . One way to get this understanding is to stack these intervals in towers as was rst done by Kakutani and Rohklin for general measure preserving transformations. We proceed to explain this simple but useful idea taken from 4] and slightly modi ed to t our purposes but the reader should keep in mind that towers are just a pictorial way to talk about dynamically de ned partitions of T 1 .
If we think of T 1 as the interval I = ? 1; ] with the extreme points identi ed, the rotation R is represented by a permutation of two intervals L = ?1; 0] and R = 0; ] as shown in Figure 2 .1 (here and in what follows, when no confusion is possible, we will adhere to the convention of denoting both an interval and its length by the same letter). In this picture, applying R amounts to translating the interval R to the left so that it starts at ?1 and translating L to the right so that it ends at . Since is identi ed with ? 1, everything ts continuously in T 1 . Now, an easy computation shows that the maximum number of times that R ts inside L is a 1 ? 1 so, instead of displaying copies of R side by side, from left to right inside L, we can stack these intervals in a tower of a 1 equally spaced levels at the right and above the interval R, as shown in Figure 2. 2. In the light of what is coming next, we consider the interval a 1 ? 1; 0], which was left of the interval ? 1; 0] after this cutting and stacking, as a tower of one level, so that we have, in fact, a pair of towers; one at the right with q 1 levels and width q 0 ? p 0 and the other at the left, with q 0 = 1 levels and width p 1 ? q 1 .
The action of R in these towers is the usual one on towers: translate each interval one oor up; as to the top two intervals, they are translated down to the common bottom of the stacks with their sides transposed; the top one at left goes to the bottom right and the top one at the right to the bottom left. Thus the remaining subinterval of length 1 ? a 1 = p 1 ? q 1 which was left at the right of L, which still is a top interval, is mapped to the right of the interval R. The interval R, on its turn, is mapped at the bottom of the stacked intervals and, after a 1 ?1 iterates of R , moves upward through all levels of the tower to come up on top again. One more iteration of R takes it down, to the left, with its right extreme now for the rst time mapped at the right of the point 0. The extreme points of all the intervals considered are in the initial segment 0; a 1 ] of the orbit O. In Figure 2 .2, and in the next gures, the elements of the orbit O are indicated by integers beside the extremes of the levels; n stands for the point R n (0). Also, to make the pictures clearer, we changed the relative lengths of the intervals as we go from one picture to the other although they all represent towers of the same rotation we have been considering from the beginning namely, R .
Now, another easy computation shows that a 2 is the maximum number of times the interval R q 1 (0) ; 0], of length 1 ? a 1 , ts inside the interval R.
In Figure 2 .2 a 2 = 1. Thus it takes a 2 crossings of the tower at the right in Figure 2 . heights the successive elements of q 0 ; q 1 ; q 2 ; ::::, the sequence of denominators of the approximants to . The towers at left with heights always corresponding to q n 's the with even indices and width p n ?q n , the ones at right to q n 's with odd indices and width q n ? p n . In this picture the sequence of partial quotients, a n , appear as the number of times we have to slice a tower (to the left if n is odd and to the right if n is even ) before rst crossing the point 0 and, after the stacking, proceed to cut the tower on the other side. Observe that the extreme points of these intervals are in O. We call the pair of towers obtained by stopping the process of cutting and stacking imediately after the rst crossing of the point 0 critical towers. The R -iterate of 0 imediately preceding this crossing is called the critical iterate of the tower. Thus in each critical tower the critical iterate is the last iterate in the segment we take in O to construct the tower. See Figure 2 .4. Observe also that if we think of these towers of intervals not merely as a device for depicting the action of R but actually drawn horizontally in a vertical plane at equally spaced vertical distances, the gluing of these intervals to recompose I is also accomplished by plane translations as indicated by arrows in Figure 2 .5.
The idea for constructing h, and therefore f, is very simple: the process of forming the sequence of towers T n described above, whether critical or not, gives at each step a partition of I into intervals (for instance by taking the intervals half-open to the right). For short, we call the intervals that appear in the tower at left as left intervals or L-intervals and, similarly, de ne the right intervals or R-intervals. Now suppose we choose a side, say right, for a xed subsequence T n k of the above sequence of towers, which it should be emphasized, is entirely determined by . The set of points S which are not in the orbit of 0 but which are in an interval of the right side of T n k for k arbitrarily large is clearly R -invariant and therefore, on account of this map's ergodicity, of null or full measure. Suppose it has full measure.We are going to construct h in such a way that
where is the Lebesgue measure. This is easily done. We just have to imitate the construction of the Cantor map and conveniently contract the intervals in the right side as they appear in the towers construction. If we do that, extending h to an homeomorphism of T 1 we get a homeomorphism f = h R h ?1 but, of course, not, in general, a C 1 -di eomorphism. Our task is then to show that we can accomplish this change of lengths and also get a di eomorphism. We do that by distributing smoothly the contraction in the lengths of the appropriate intervals from bottom to top of each new tower formed. That is, we begin with no contraction in the lengths at the bottom, start to contract them as we move upward until we reach a maximum contraction at a convenient height of the tower. We keep this maximum contraction for a long stretch of levels up to a point where we start to damp the contraction until we come again with no change at all on the top. Clearly the peak of the contraction should go down as we move in the sequence of towers to assure the continuous di erentiability of f . Of course, the trouble we have to deal with in this scheme is that, as we decrease the length of the intervals at one stage, the complementary set gets stretched, which complicates the contraction in the next step. We have been doing this cutting and stacking construction of intervals for rotations of T 1 but it is clear that we can do the same to any minimal orientation preserving homeomorphism f of T 1 since f is conjugated to a rotation R , = (f) and the combinatorics of f is the same of R . By this we mean that the number of slices and the identi cation scheme of points in the boundary of the intervals in the towers are the same. The di erence is that now the maps, one oor up and top to bottom, are not isometries anymore. In fact, we are going to use these towers the other way around; to de ne the homeomorphism f. With this purpose in mind, we will make some general assumptions regarding the towers that will be used, but, before leaving the subject of rotations towers, we state and prove a result on them that we will need later.
Lemma 1 r l which will prove the Lemma. We consider two cases: either a n = 1 for n big enough or a n > 1 for n arbitrarily large. If the last possibility holds, cut and stack T to get e e T critical immediately preceding the appearance of a partial quotient a n > 1. Without loss of generality we can suppose r > l and therefore h r l i = a n > 1
As we have been cutting the left tower and stacking the severed intervals on top of the right tower prior to stopping, we have n r + n l < m r + m l or n r + n l m r + m l < 1 Now cut and stack e e ((n r + n l ) + a (m r + m l )) l = r l ? a n r + n l m r + m l + a = a n + f ? a n r + n l m r + m l + a where f is the fractional part of r=l. Thus a n ? a 1 + a a n ? a + 1 a but a a n 2 < a + 1 or a a n ? a < a Now suppose a n = 1 for n big enough. Cut and stack T to get e e T critical as the partial quotients a n turn equal to 1. Without loss of generality we can suppose r > l and, as before, n r + n l m r + m l < 1. A similar estimate holds for ? which nishes the proof of the Lemma.
Pl Towers
The towers we will use have the following properties:
1. The maps, one oor up and top to bottom, are assumed to be a ne. Thus, to determine the towers, and the corresponding homeomorphism they de ne, we just have to specify the lengths of the intervals involved since using their lengths and their assigned images we have a uniquely de ned orientation preserving a ne homeomorphism between them. In this way, if we take a pair of towers associated to a rotation and change arbitrarily the lengths of its intervals, subject only to the condition that the sum of their lengths is one, but keep the scheme of mappings and identi cations the same, we have de ned a piecewise a ne or piecewise linear, pl for short, homeomorphism of T 1 . The trouble with this construction is that if we are not careful with the top to bottom maps, the rotation number of the homeomorphism de ned can change. To avoid this and remain always with the same rotation number, namely , we further assume that: 2. The top to bottom maps are isometries taken from a top to bottom map of some tower associated to R . 3. The combinatorics of the towers are the combinatorics of some tower for R .
In a nutshell, conditions 1), 2) and 3) say that the towers we are going to consider are the ones obtained from a tower of R by changing of the lengths of the intervals in all levels but the top and bottom ones and subject only to the condition that the sum of their new lengths is one. Observe that if we have one of these towers and we cut and stack its intervals (as prescribed by the pl homeomorphism it de nes) any number of times and change their lengths in the allowed way we still get a tower of the same sort and de ning a p.l. homeo f with rotation number . This is easy to see since the obvious p.l. homeo h taking the corresponding R -tower to the p.l. tower of f, that exists on account of the towers having the same combinatorics, respects the identi cations and goes down to T 1 to de ne a p.l. conjugacy h between R and f. Thus, and this is a very important though trivial point, if we take one of these towers and start to cut and stack its intervals, the maximum length of the intervals in the towers goes down monotonically to zero since the cutting orbit is dense in T 1 .
As a matter of fact, the changes we are going to make are of a more particular nature and are more conveniently described by rst cutting the initial tower the desired number of times, then moving slightly the new cutting points in the interior of the intervals without changing their order there (and therefore without changing their order globally in T 1 ) after which we stack the intervals in the new tower. In moving the cutting points we should be careful to leave unchanged the distances between the four points: R ?1 (0), the two cutting points closer to R ?1 (0) and the critical iterate of the new tower, which together de ne the top levels of the new tower, as well as the distance between 0 and its two closest cutting points, which de ne the new bottom, lest we change the rotation number . We say that the pl homeomorphism thus obtained is a re nement of the initial homeo. This is done to insure that, since the lengths of the intervals in the initial tower remain the same, the new p.l. conjugacy is the same as the old one in the boundary points of the initial tower. The same, of course, happens with the new pl homeomorphism de ned by the changed tower.
In this way, starting from a tower of R and doing an in nite sequence of loops in the cycle:
1. Cut a nite number of times. 2. Change the relative positions of the new cuts without changing their relative order with the proviso above about the points near R ?1 (0) and 0. 3. Stack the changed intervals obtained.
Back to 1)
we get a sequence of pl towers T n de ning homeomorphisms f n and conjugacies h n such that: 1) h n R = f n h n 2) h n+1 = h n on fR i (0) j i = 0; 1; :::; k n g where 0; k n ] is the initial segment of O de ning T n .
3) f n+1 = f n on h n ? fR i (0) j i = 0; 1; :::; k n g Suppose we assume further that 4) k T n k! 0 and therefore k n ! 1, as n ! 1, where k T k denotes the maximum length of the intervals in the towers of T n . These conditions imply that h n converges pointwise on O to an order preserving map h and, similarly, f n converges on h (O), a set dense in T 1 , to an order preserving map f . Now, using Herman's Lemma 3.3, p.140 2], these maps extend to homeomorphisms of T 1 , also denoted by h and f, respectively, which obviously satisfy: h R = f h We will only need to check that f is C 1 . To this end we need conditions under which a sequence of pl homeomorphisms converges to a C 1 -di eomorphism. The following two elementary lemmas are enough for our purposes; the proofs are left to the reader.
A Clearly the derivative of a pl homeomorphism de nes a positive step map.
Lemma 2 Let ' n be a sequence of step maps each ' n de ned on a partition T n of T 1 satisfying: i) P n k ' n+1 ? ' n k< 1 where k ' k is the supremum norm of '. ii) max p2T 1 J (' n ; p) ! 0 as n ! 1. then ' n converges uniformly to a continuous map '.
Lemma 3 Let f n be a sequence of pl homeomorphisms of T 1 that converges pointwise to a pl homeomorphism f . Suppose the sequence of derivatives ' n = Df n satis es the conditions of the previous lemma and are uniformly bounded away from zero. Then f is a di eomorphism and Df = ' where ' = lim ' n .
Proof of the Theorem
We are ready to prove our main result.
Theorem 2 Given an irrational number, , 0 < < 1 , there is a minimal orientation preserving C 1 -di eomorphism,
which is non-ergodic with respect to Lebesgue measure and such that (f) = .
Proof: The idea of the construction was outlined in the introduction so we proceed to demonstrate the theorem. Fix as above. Suppose we have a sequence f n , n = 0; 1; 2; :::, of pl homeomorphisms of T 1 , de ned by a sequence of pairs of towers T n , such that, if we denote by S n the union of the R-intervals of T n , then 1) (f n ) = , 8n 0
2) f n re nes f n?1 , 8n 1 As we indicated in the introduction a construction satisfying 1), 2) and 7) leads to a sequence of pl homeomorphisms f n and conjugacies h n which converge pointwise to homeomorphisms f and h, respectively, with f h = h R . To check that f is continuously di erentiable we just have to recall Lemma 3.2 and use conditions 3) and 4).Thus, it only remains to show that f is not Thus to prove the Theorem we have to construct the sequences f n and T n satisfying the seven conditions above. We turn to this task in the nal section of this paper.
Proof of the Main Lemma
Before proceeding with towers and pl homeomorphisms in the Main Lemma, we state an easy result about geometric means whose proof is left to the reader. 3) The intervals of T 1 (resp. T 2 ) between p 1 k 1 and p 1 k?k 2 (resp. p 2 k 1 and p 2 k?k 2 ) are partitioned in three groups of intervals C 1 , E 1 and S 1 (their image by f being resp. C 2 , E 2 and S 2 ). Denoting the corresponding intervals of e T 1
(resp e T 2 ) by adding ae we assume also:
The intervals of e C 1 ( resp. e C 2 ) are contracted by a factor of 1 , 0 < 1 < 1 (resp. 2 , 0 < 2 < 1 ). The intervals of e S 1 (resp. e S 2 ) remain with length equal to their counterparts in T 1 (resp. T 2 ). The remaining intervals, in e E 1 (resp. e E 2 ) are, consequently, expanded. We assume all the intervals of e E 1 (resp. e Lemma 6 Take irrational, 0 < < 1. Fix , 0 < < 1=2 and make 0 = 0 and n = P n i=1 i . Take a and b , 0 < a < 1=6 and 5=6 < b < 1, and x a positive integer n 0 such that a + n 0 < 1=6, b + n 0 < 1 and 2 n 0 < Take a sequence x n , n = 0; 1; 2; :::, such that a) 0 < x n+1 < x n , 8n , n = 0; 1; 2; :::
Then there is a sequence f n , n = 0; 1; 2; :::, of pl homeomorphisms de ned by a sequence of pairs of towers T n such that, denoting by S n the union of the intervals in the right tower of T n , we have: With this bound on the derivatives we can take B = 2 and therefore B=B + 1 = 2=3 in applying the Lemma on geometric means to our proof.
Cut and stack T n to a tower T . How far this cutting and stacking is to be taken will be speci ed in a minute. Before that we have introduce same notation. Call the left and right intervals of T l-and r-intervals and denote them by l j and r j , respectively, indexed from bottom to top. These smaller intervals decompose the left intervals of T n into n l and m l intervals, respectively. Analogously they decompose the right intervals of T n into n r and m r intervals, respectively. Note that n l ; m l ; n r and m r ! 1
as we cut and stack T n .
Denote by l l ij a generic l-interval that decomposes L i , where the superscript refers to the side, left, of the interval, L i , being decomposed, and, similarly, de ne the intervals l r ij , r l ij and r r ij . Since the tops and bottoms of the towers and the tops and bottoms maps are given by a tower of R but the tower is otherwise a ne, the l-intervals that enter in the decomposition of a xed interval, say L i , have all the same length which we denote by l l i . The same, of course, holds for the r-intervals that decompose a xed L i de ning the length r l i and so on and so forth. Thus, n l l l i + m l r l i = L i n r l r i + m r r r i = R i Now, since the tower is a ne we have n l l l
where the subscript 0 refers to the bottom levels of the tower T n which shows that this quantity depends only on , the rotation number we are working i for i = 0; 1; :::; h n ? 1 h l n ?i?1 for i = h l n ? h n ; h l n ? h n + 1; :::; h l n ? 1 hn otherwise the intervals r l ij which are not in the top and botton h n+1 levels.
To de ne the top-to-bottom maps of e T we use Lemma 5.2 again to the intervals I 1 = L h l n ?1 , I 2 = f n ? L h l n ?1 , (resp. I 1 = R h r n ?1 , I 2 = f n ? R h r n ?1 ), f = f n , the k 's as before and the partitions given by the points p i j where we omit the points 0 = p r 0 0 = p l 0 k l and the critical iterate of T . The sets C and S won't, in fact, matter since we are going to take, as we must, 1 = 2 = 1.
The de nition of e
